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_ L 1.. INTRODUCTION = e
"IN sub-sampling designs, it'is well known ‘that  selection -of primary
‘units with varying probabilities (e.g.; ‘probability proportional to’ size)
. often leads to more efficient estimates than selection. ‘with equal. prob-
abilities. Due to drﬂiculues in the theory of samphng with varying
probablhtles and without replacement it is: usual pradtice to- select
“the prlmarres with replacement and with ‘varying probabrhtles "This
‘leads ‘to ‘thiee different methods' of: selectmg the  secondaries. In
‘method 1 (Sukhatme, 1954), if the i-th primary is selected "), times,
m;A, secondaries are’'selected’ without replacement and- with* equal
: probabilities from' the :i-th: primary. “In ‘method2 (Cochran 1953),
if the primary is selected A; times, A; sub-samples, of ‘size“m; are “ifide-
pendently drawn without replacement and equal probab1ht1es from the
“i-th primary, each sub-sample bemg replaced after it 1s drawn In
- méthod 3 (Hartley, 1954; Des Ra_], 1954) when’i- 4H primaty i§ selected
“X: fimes; a fixed size of mi;secondaries is “dk wn fro i-th'p
Swith* equal probablhtres and’ without* replacement’ and the estlmate
from the i-th primary is weighted by A, It was showh* ‘(e:g.. Dés’ Raj,
1954) that method 1 has smaller variance than method 2 and method 2
has smaller varlance than method 3.  But, 1f we assume that the expected
cost’ 1n a pr1mary is proportlonal to ‘the’ expected sub- sa 3

“Therefore it would" appear more re‘ : onable to comparé the eﬂicrency
of the three methods for the'same expected cost or expected 'sample

Spddn e 2 VARIANCE FORMULE

Let y, denote ‘the value of j-th secondary in the i-th primary and
“let M, be thé number6f- secondanes dfi-the i-th primary. Let P; be the
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probability of selecting the i-th primary. Let ¥, denote the total for
the i-th primary and Y be the population total. From the N primaries
in the population, a sample of n pnmarles is selected Wlth probablhtles _
P, and with replacement : A

Method l—The estimate of the total is
YI—HZAI Piyi mi\; : . (1)

where J;,m, is the mean n of the mi)\; units from the i-th primary. It is
assumed for the largest value of A;- (namely ») that mi)\. < M,

Var(Y)——ZPi(P* Y) + IZMZ (%,_Mi)sz

(1) .
—_-—n—ZM‘St- v @.

where -S;? is the mean square for the i-th primary.

Method 2—The estimate of the. total is
) {n)"

4 _1VM, ’ .
Zpiy* mi . . @)

where the summation is taken over all the n primérieé in the sample.

Var (¥,) = ZP1 ~-Y)—|—1 M‘ ~——)S¢

'l

=1 i=1
_ - 4)
© Method 3.—The estimate of "_the total is :
Yy= P Z A IT:J-]'i,m{-- PR “‘l._- L an s 2n(5)
- L i=1 . S e TR, B ey T A
Var () = ! Z ( (” - 1))
1.

><M2 v S2 . (6)
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It is easily seen that
Var{f) <Var(@y<Var(®Ty - O
3. ErriciENCY COMPARISONS FOR THE SaME EXPECTED -COST

Method 1 vs. Method 2.—In method 1, the expected sample size
from the i-th primary is

E (mA) = mpnP; . o ‘ @®

since-A, is a binomial variable. To find the expected sample size from
the j-th primary for method 2, we have to evaluate the expected number
of distinct units in A; sub-samples of size m;, each sub-sample drawn
with equal probablhty and without replacement and each sub-sample
is replaced after it is drawn.

Let Z;; denote the ‘indicator variable’ for the j-th unit in the i-th
primary, defined by

Z,, =1 if j-th unit in the i-th prirdary is included in the sample

= 0 otherwise.

. Then, the expected number of distinct units taken from the i-th primary

is
Z E(Zw,) = Z E'E Z" ' | '(10)

where'
E (Z“/ ,) = probablhty that Jj-th unit is 1ncluded at least once

in the-sample of A; sub-samples from the i-th
_ primary .

" 1 - (probability fhat it is not_included in any
one of the A; sub-samples)

o A -
=1- A—JLMT”“) | (1)
Expandmg bmom1a11y we get

£(% _zn_i_l__@‘*l)m_{ | S W
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neglecting higher terms

 Breo- B -ghresomy

. i=1
,=m,,nPi[1‘?’_—_(."—“2L)li : 1’:’7] a3
) since _ | | | A A'
"EQ)=nP, and E{N(\— 1)} =n(—1)P (14)

In order to make the expected sample sizes equal, we still select nz;
units in method 2, but in method 1 we select m;* A; units from the i-th
pnmary 1f 1t is selected A; times where m;* is given by

*pPy— mgiP, |1 — 15

m; nP‘ min i [ | 2 | Mi. . . V( )
or | . .

1 . _L (n et 1) P¢ m;. e .

o o |1 M‘] S (16)

neglectmg terms mvolvmg h1gher powers of Pi Now,

rao= i in( n+lﬂwmrw&

an

substituting for 1/m;* ffom (16) in (17); we'get

gy V(I =< ZPi( Y)%/IZ ,;;‘“—)St

i=1

§=15 - :t,'

) )

i—l
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N

i.e.,'
V(Yl) < V(Yz)

Method 1 vs. Method 3 —To obtam ‘the expected sampIe size from
the i-th primary for method (3), we have to find the probability that
the i-th primaryis included- at least once in the sample. It is easily
seen that this probability is equal to 1 — (1 — P,)".

Expected sample size from the i-th primary for method 3
=m[1 — (1~ Py]
=mpp [1-C2 D]y

Therefore, for method 1, mi*‘ A unité are selected from tﬁe i-th pﬁmary
if the i-th primary is selected A; times, where m,* is given by

my* nPy = mcnP¢ [ | - (—n—'_)’ ] | | (21)
or, .. ' | Tl LT |
m* (1 + ) At . (22)~

whilst for method 3, m; umts are Stlll selected Substltutmg for 1 /m,
from. (22) in (17), we obtam o

r)-(y ;~ ( Y)—}-l J‘;: ____)Sz

ie.,

rd@<rds.
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Method 2 vs. Method 3.—We have.already found that expected

sample-size from the i-th primary for method 2 is given by (13) and for
method 3 by (20). Therefore, to make the expected samplé sizes equal,
we select m;* umts from the i-th pr1mary for method 3 where m* is
glven by T

et nP, (1 — P) = maP, (1 I)P m‘) @5).
whilst for- method 2, m; units are still ‘selected: So,
n—1 P 1
or - ‘ :
L 1 l)P my D,
(1 + ) (1 S R)
_ 1 1) (n—= 1) Py omN
(1 P+ Mi)' (26)
Now,

V@a):_:;jg,(v )Z( =Dy

xM,.z( 1 -M)s | ' (275

Substltutmg for 1/m;* from (26) in (27), we get

SUNTICERS

X SE[l — (n—1) P ' 28)
Usually nP;< 1, unless some of .the Pi are 1é;ge. So, if we restrict to
such sizes for which nP;< 1, then V(?a) > V(¥,).. Even if some of

V(¥ =

the P; are such that nP; > 1, the second term in the f.h.s. of (28) can - -
still be positive so that we ef&pe;_cf V(¥)> V() in most of the situations. -

4, CONCLUDING REMARKS

We note that the between-primary variation component for all
three methods is the same. So, if the between-primary component is

o
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large compared to the within-primary component, then all the three
methods will have approximately the same variance, But, cases can
arise where the w1th1n-pr1mary component isiof the: same ‘ofder: asithe
between-prrmary component in which. case thé decision: among the
three’ methods may be important. From the efficiency point of view,
we have seen that method -1 is ‘best of all the three methods and that
method 2 is better than method 3. But, method 2 has an advantage
with regard to the simplicity of the estimate of the variance which is
simply the mean square between sample tofals of the primaries included .
in the sample, whereas for methods 1 and 3, the estimate of variance
involves within-primary components also. ~Method 3 has an advantage
over methods-1 and 2 regarding the fixed sample size from each pri-
mary. In methods 1 and 2, the size of-the sample from each primary
is a random variable, so that -method 3 has an advantage with, regard
to the optimum sample size-from a primary. For with method 3.the
actual (ﬁxed) sub-sample size can be equated to the optlmum value,
whilst with methods-1 and 2, only . expected sub- sample sizz can be
equated to ‘the optrmum value. o

5 ACKNOWLEDGMENT

The author expresses--his sincere. thanks to Dr H. O. Hartley for
he]pful discussions on this toplc , : :

. 6. REFERENCES
Cochran,W.G. . . Samplmg Techniques, John Wiley & Sons, Inc.,
e 1953, p. 252 i VL
D'es::R'aj' : o 0. “On samphng with- varymg probabllmes in multi-

o - stage -designs,” . Ganita, ]954 5, 45-51

"I-.l'artley,‘ H O.' : ', 7, . o Unpubllshed lecture notés on Theory of Advanced )
Ll . N Desrgn of Surveys Statistical Laboratory, ]owa_ .

e o State University, Ames, 1954.
Sukhatme, P, V. L Samplmg Theory of Surveys wzth Apphc'atwns -
-Tnd. Soc.' Agric. Stats., New Dehli and Iowa
S_tateCo]legePress, Arnes Towa, 1954,p. 379.

5. .



